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ABSTRACT
The present investigation is part of a long-term effort focused on the development of
a methodology for the computationally efficient prediction of the dynamic response
of structures with multiple joints. The first part of this thesis reports on the dynamic
response of nominally identical beams with a single lap joint (Brake-Reuss beam).
The observed impact responses at different levels clearly demonstrate the occurrence
of both micro- and macro-slip, which are reflected by increased damping and a lower-
ing of natural frequencies. Significant beam-to-beam variability of impact responses
is also observed. Based on these experimental results, a deterministic 4-parameter
Iwan model of the joint was developed. These parameters were randomized following
a previous investigation. The randomness in the impact response predicted from this
uncertain model was assessed in a Monte Carlo format through a series of time in-
tegrations of the response and found to be consistent with the experimental results.
The availability of an uncertain computational model for the Brake-Reuss beam pro-
vides a starting point to analyze and model the response of multi-joint structures in
the presence of uncertainty/variability. To this end, a 4-beam frame was designed
that is composed of three identical Brake-Reuss beams and a fourth, stretched one.
The response of that structure to impact was computed and several cases were iden-
tified. The presence of uncertainty implies that an exact prediction of the response
of a particular frame cannot be achieved. Rather, the response can only be predicted
to lie within a band reflecting the level of uncertainty. In this perspective, the com-
i
putational model adopted for the frame is only required to provide a good estimate
of this uncertainty band. Equivalently, a relaxation of the model complexity, i.e.,
the introduction of epistemic uncertainty, can be performed as long as it does not
affect significantly the uncertainty band of the predictions. Such an approach, which
holds significant promise for the efficient computational of the response of structures
with many uncertain joints, is assessed here by replacing some joints by linear spring
elements. It is found that this simplification of the model is often acceptable at lower
excitation/response levels.
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1 Introduction
Although ubiquitous in mechanical and aerospace structures, joints still represent a
modeling challenge that renders very difficult the computationally based prediction
of the response of the structures that involve them. The difficulties encountered in
modeling joints result from (i) their very strong nonlinear behavior as exemplified
by the microslip and macroslip regimes, (ii) the presence of significant variability
in behavior from one nominally identical joint to another, (iii) the difficulty of in-
situ observations. This situation has led to a very broad set of joint models, from
very detailed finite element ones to phenomenologically based ones, see [9] and [4]
for an overview. With regard to model complexity, it has recently been suggested
[8] that the presence of aleatoric uncertainty (the observed variability in behavior of
nominally identical joints) permits the use of simplified models exhibiting an epistemic
uncertainty, as long as its effects are outweighed by those of the aleatoric uncertainty.
This perspective naturally emphasizes phenomenological models of joints such as the
four-parameter Iwan model [10], developed by Dan Segalman, and its five-parameter
extension [7]. The Iwan model is a distribution of Jenkins elements (spring-slider
combination) in parallel. By having several of these Jenkins elements in parallel the
interface is able to experience microslip (i.e some of the sliders slipping and some
of them still stuck as springs) and macroslip (i.e all of the sliders slipping). Due
to the nonlinearity of each Jenkins element, the computational cost associated with
an Iwan model increases with the number of Jenkins elements used as the status of
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each slider must be checked at every step and requires a smaller time step in order
to converge correctly. When a structure only has a few well characterized joints, it
may be appropriate to model each one of them nonlinearly to seek the most accurate
response. However, such a task becomes daunting when a structure contains many
joints, sometimes hundreds or even thousands. Furthermore, the appropriateness of
such an effort is also doubtful as these joints will be uncertain. Therefore, it is of
great interest to explore structures exhibiting multiple uncertain joints and develop
strategies to determine which joints need to be accurately modeled nonlinearly and
which joints need not, e.g., may be linearized, without inducing an undue prediction
error as measured over a population, not just one, of jointed structures.
Before addressing a multi-joint structure, a single joint one, the Brake-Reuss beam
described below, is initially considered first experimentally with both forced vibra-
tion and impact tests performed on several samples. Then, a computational model is
developed starting from a finite element model with a prescribed joint interface rep-
resentation that is both consistent with independent observations and simple enough
to permit the use of two Iwan models. A stochastic model of the parameters of the
Iwan model was next adopted consistently with the work of [8] that led to a good
matching of the variability in the observed experimental data. A multi-joint structure
was next created by assembling multiple BR beams and its response to impacts of
different magnitudes and at different locations was computed assuming both deter-
ministic and stochastic Iwan parameters. Finally, comparisons of predicted responses
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were made between models that are fully linear, fully nonlinear, and a mix of both.
1.1 Brake-Reuss Beam
The Brake-Reuss (BR) beam was designed by Matthew Brake and Pascal Reuss [4].
When designing the beam, they wanted a system that was simple in terms of geometry,
but contained a joint interface so that nonlinear behavior, e.g., micro- and macroslip,
could be explored. The BR beam, seen in Figure 1.1, consists of two L-beams, with
a square cross section of 1”x1”, bolted together by a 3-bolt lap joint. By making a
simple square beam with a 3-bolt lap joint, this system has been achieved. With the
joint present the system is highly complex, but if the joint is removed, the system
becomes a simple beam. The BR beam has become a standard test subject in the field
of joint mechanics. Although the joint interface is a complex system, the rest of the
beam is simple, therefore leaving the only unknowns in the system in the interface.
Figure 1.1: Brake-Reuss Beam
3
2 Beam Experiments
Several vibration experiments were performed with BR beams to explore the behavior
of its joint and interface. More specifically, both forced vibration and impact tests
were conducted. The former were carried out using shakers in the ASU Vibrations
Lab while the impact hammer tests were performed at UNM during Sandia National
Lab’s Nonlinear Mechanics and Dynamics (NOMAD) Institute. The main goals of
the experiments were to understand the dynamics of the beam in both the linear and
nonlinear regimes, the latter including both microslip and macroslip at the joint.
2.1 Experimental Setup - Forced Vibration Tests
The experimental setup for the forced vibration tests was adapted from a similar
set of tests carried out in Sandia National Labs in the Summer of 2014 as part of
the NOMAD Institute [11]. Specifically, the BR beam and the shaker were hung by
bungee cords from a large steel frame. The bungees are used to approximate a free-
free boundary condition. The bungees induce very low frequency modes, i.e., of the
order of 1 to 2 Hz. Any mode at that frequency is assumed to be a ”bungee mode”
and may be ignored since the expected lowest mode of the BR beam is over 100Hz.
Note that the shaker is suspended by bungees so that the beam can move freely and
is not restricted by the shaker stinger. Pictures of the setup in the lab can be seen in
Figures 2.1 and 2.2.
Forced vibrations of a bungee cords mounted BR beam were conducted using a shaker
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system consisting of a shaker, an amplifier, and a computerized data acquisition sys-
tem. The vibration signal, sine sweeps (or chirp signals) in the frequency range
[100,4000] Hz to excite all modes of interest, was produced by the computer, trans-
formed to an AC signal, then sent to the shaker after amplification. For simplicity,
the testing was achieved in open loop.
Measurements of both the response and the input force were obtained and recorded
using the same computerized data acquisition. The response was captured using a
laser vibrometer which measures the velocity of the point of the BR beam from which
it is reflected. A piece of reflective scattering tape is used to direct the signal back
into the vibrometer for processing. Owing to the nature of the vibrometer, it can
only be used to measure the velocity in a single direction. Some key features of the
laser vibrometers are (i) that they are non contacting and thus very convenient, and
(ii) they exhibit a very low noise level. Another possibility would have been to use
accelerometers, especially since some have three-axis capabilities. They do, however,
typically have a higher noise level than the vibrometer. The point of the beam on
which the laser focused was selected to exhibit a reasonable to large response in the
first two expected modes of the beam. The force transducer was mounted between
the shaker stinger and the beam to dynamically measure the force applied by the
shaker to the beam. The readings of the laser vibrometer and the force transducer
were transferred to the data acquisition system (DAQ) driven by Labview.
Several threaded holes were made in the BR beam for shaker attachment. The stinger
5
Figure 2.1: Vibration Experimental Setup
6
Figure 2.2: Vibration Experimental Setup - Shaker Attachment
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was connected on one side into the shaker and to an adapter on the other. Another,
short stinger was used to connect the adapter to the beam creating an almost rigid
connection between beam and shaker. However, the adapter simplified the shaker set
up, without it one would have to spin the beam to thread it onto the stinger.
2.2 Experimental Results - Forced Vibration Tests
Several forced vibration experiments were performed on the BR beam using sine
sweep, or chirp signals, see Figure 2.3. These time histories were created by specifying
a starting frequency, an ending frequency, and the time it will take to range between
the two frequencies. While the example chirp signal of Figure 2.3 ranges from 1 Hz
to 25 Hz, those in the experiments range from 100 Hz to 4000 Hz. A typical response
(velocity) of the beam at the observation point corresponding to the chirp excitation
is given in Figure 2.4.
Next, to characterize the response in terms of frequency and amplitude, the fast
Fourier transform (FFT) of both response (velocity) and excitation (force) were taken.
Dividing the former by the latter led to the mobility or frequency response function
(FRF), see Figure 2.5.
This figure shows a slight frequency and amplitude shift between the responses at
different levels of excitation as dictated by the DC voltage at the shaker armature.
These responses follow the expected trend of a higher amplitude force causing more
slip and more dissipation in the interface, causing a lower frequency and amplitude as
well as a broadening of the peak. The results of Figure 2.5 were obtained consistently
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Figure 2.5: 1st Mode of BR Beam, Shaker Excitation at 7, 10, and 12 Volts
in repeat tests and under varying conditions, e.g., chirp excitation limited to 500 Hz.
The peak frequency is always obtained near 130 Hz, which is much different than
what is measured during the impact hammer tests, 180 Hz. This discrepancy has
not been clarified, it appears too large to be associated with mass loading from the
shaker.
2.3 Experimental Setup - Impact Testing
The impact hammer tests were performed as part of the 2015 Sandia National Lab’s
NOMAD institute at the UNM [2]. This work was a group effort by Matt Bonney,
Fabian Schempp, and the author. The main goals for this group at the institute
consisted of obtaining multiple sets of impact hammer data on the BR beam as well
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as analyzing that data and determining parameters for multiple joint models.
The experimental set up for the impact hammer tests was similar the one for the
forced vibrations tests, i.e., the beam was supported on bungee cords. However, the
excitation and response measurements were different. Specifically, a modal hammer
was used to excite the beam. Such a hammer includes a force transducer to capture
the time history of the contact force. Two accelerometers were also placed on the
beam, one on each side of the joint, to measure its response. The force transducers and
the accelerometers and force were all connected to a computer based data acquisition
system. Fourier transforms of the response and excitation data were numerically
performed to yield the frequency response functions.
2.4 Experimental Results - Impact Testing
With the goal for this experimental effort to obtain multiple data sets on the BR
beam, the impact level, lap joint bolt torque, and interface were varied. Impact levels
of 100 N, 800 N, 2000 N, 4000 N, and 8000 N and torque values of 3 N-m, 5 N-m,
7 N-m, 10 N-m, and 15 N-m were tested for six different beams. As an example
of this data, Figure 2.6 displays the FRF of beam five tested at the 4000 N impact
level for different torque levels. As expected, when the torque level increases there
is a stiffening of the joint resulting in an increase in natural frequency. The lowest
torque level, 3 N-m, allows for the easiest slip and will be used for the computational
analysis.
Of primary importance here are the variations of the FRF as a function of the impact
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level as they highlight the nonlinearity of the beam. To this end, shown in Figures
2.7 through 2.9 are the FRF obtained for beams 1-4 resulting from various impact
levels. For the 100 N case, the response is reasonably linear with a fairly symmetric
peak near 178 Hz which is however already wide signifying the presence of dissipation,
probably microslip. The 800 N displays a significant change in behavior with a non
symmetric, very broad peak notably shifted to lower frequencies (peaking at 161 Hz).
It is suggested that the corresponding beam response has exhibited macroslip of the
joint. Similar trends are seen in the 2000 N impact test as well. This data will be
used in Section 3 to identify the nonlinear joint model.
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Figure 2.6: Responses of Beam 5 at Multiple Torque Levels
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Figure 2.7: Responses at Torque 3 Nm, Multiple Load Levels
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Figure 2.8: Responses at Torque 3 Nm, Multiple Load Levels
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3 Modeling the Beam and System Identification
This section focuses on the development of a computational model that can approxi-
mate the FRF obtained experimentally. This effort includes two aspects, the first of
which is the development of a finite element model of the beam and its reduction of
degrees of freedom for numerical efficiency. The second aspect is the joint modeling
and the identification of its parameters to fit the experimental data.
The finite element mesh, composed of 8-node brick elements, was created using Cubit,
a mesh generation software developed at Sandia National Labs. Figures 3.1 and 3.2
show the overall model as composed of two discretized L-shape beams with a lap-joint
interface.
Figure 3.1: Initial Model of BR Beam - Front View
3.1 Sectioning the Interface
The next task was the finite element modeling of the lap joint which consisted of three
bolts passing through both halves of the beam and clamped with corresponding nuts
on top and bottom, see Figure 3.3. The focus of the finite element modeling was not
to match the geometry of the lap joint closely but rather its functionality. Analysis
of this joint by the numerical round robin team during the 2015 NOMAD institute
suggested that the middle section of the joint in between the extreme bolts remained
15
Figure 3.2: Initial Model of BR Beam - Isometric View
stuck while slip occurred near the end of the mating zone [1]. Accordingly, the beam
interface was cut into three sections, each of which having its own interface model,
see Figures 3.4 and 3.5.
The connections between the two half beams at the interface were created using rigid
bar and Joint2G elements. A Joint2G is a connection between two nodes that has
six degrees of freedom on both ends that can be connected by various elements such
as springs, dashpots, or Iwan elements. In the sequel, only the three translations are
used and the rotations are left free. Following the above discussion, the two outer
sections of the interfacial zone of each half beam were connected with these Joint2G
elements while the middle sections were rigidly connected to each other, i.e., with
no slip allowed. All nodes on the surface of each outer section of each half beam
were connected (”spidered”) to single nodes at the center of each section using RBE3
16
Figure 3.3: Three Bolts of Beam Interface
Figure 3.4: Full Beam With Interface Sectioned
Figure 3.5: Three Section Interface
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elements. This allows one node on each mating surface to be attached in Sierra using
Joint2G elements.
It can be seen in Figure 3.6 that the rigid connections did not extend all the way to
the nodes that also belong to the middle section. If this were to happen, those nodes
would be defined by both the RBE3 attachments and the tied surfaces and would
over-constrain the system. A simplified 2D drawing of one section of the interface is
shown in Figure 3.7. It can be seen how the rigid elements are attached to both the
interface surfaces and the Joint2G.
Figure 3.6: Three Section Interface, with Spider Connections
Figure 3.7: Schematic of Interface with Rigid Connections, Joint2G
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3.2 Boundary Conditions
To render the computational model as close as possible to the experimental setup,
the bungee cords were implemented into the finite element model as very soft springs.
Specifically, two nodes on each end surface were connected by zero length springs to
two other nodes, which are fixed in place. When only one spring was used there were
still rotational rigid modes due to symmetry in the beam.
Figure 3.8: Nodes Used to Connect Soft Springs (Bungees)
3.3 Linear Modal Analysis
A first validation of the finite element model can be performed by comparing its
natural frequencies with the peak frequencies of the FRFs obtained in the experiment
at low impact force. For this effort, the material used is steel and the properties are
given in Table 3.1. Moreover, the stiffness of each spring in the Joint2G element was
19
given a value of 1e10 N/m.
Table 3.1: Material Properties - Steel
Young’s Modulus (E) 200 GPa
Density (ρ) 8000 kg
m3
Poisson’s Ratio (ν) 0.42
The modal analysis was performed using Salinas in the Sierra tool suite and the
obtained natural frequencies and mode shapes are presented in Table 3.2. Note that
there are 6 ”bungee” modes present, which are essentially the rigid body modes
stiffened by the bungee cords. They have frequencies between 0.5 and 3 Hz instead
of 0 Hz.
Table 3.2: Natural Frequencies of BRB, Linear Springs
Mode Number Frequency (Hz) Mode Shape
1 0.506 Bungee Mode
2 1.654 Bungee Mode
3 1.654 Bungee Mode
4 1.654 Bungee Mode
5 2.863 Bungee Mode
6 2.863 Bungee Mode
7 179.757 1st In-Plane Bending
8 224.999 1st Out-of-Plane Bending
9 598.976 2nd In-Plane Bending
10 662.343 2nd Out-of-Plane Bending
11 1226.85 3rd In-Plane Bending
12 1280.64 3rd Out-of-Plane Bending
13 1431.93 1st Torsional Mode
14 1674.22 4th In-Plane Bending
15 2009.66 4th Out-of-Plane Bending
The mode shapes of the first two in-plane bending modes and the first torsional mode
are shown in Figures 3.9 through 3.11.
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Figure 3.9: 1st In-Plane Bending Mode - 179.757 Hz
Figure 3.10: 2nd In-Plane Bending Mode - 598.976 Hz
Figure 3.11: 1st Torsional Mode - 1431.93 Hz
The two modes of interest will be the first and second in-plane bending modes at
frequencies of 180 Hz and 599 Hz.
3.4 Craig-Bampton - Reduced Order Model (ROM)
The intent of the computational model developed for the BR beam is to predict its
response with microslip and/or macroslip, i.e., in a nonlinear format. For such an
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effort, it is desirable to minimize the number of degrees of freedom for computational
efficiency. To this end, a Craig-Bampton reduction was performed in which the
interface corresponds to the nodes with the Joint2G elements, i.e., the connections
between the two half beams (referred to as the substructures below).
The Craig-Bampton reduction represents the response of all degrees of freedom in the
model as the sum of contributions originating from (i) the loading on the substructures
with fixed interfaces and (ii) the motion of the interface degrees of freedom. The
contribution (i) is approximated as a sum of modal components using fixed interace
modes. The contribution (ii) is expediently determined using the constraint modes
[5].
This model reduction was performed using Salinas. This tool is set up so that a full
model with a nodeset containing all interface nodes is needed. The number of fixed
interface modes is defined by the user in the input deck as well. Once the analysis is
completed, Salinas provides an output Exodus file and a NetCDF file, both of which
contain the information of the ROM.
When performing the model reduction, the Joint2G elements were removed - they will
be reinstated between the appropriate degrees of freedom of the ROM. Once these
elements were removed, the nodes that were rigidly attached to the interface surfaces
could be used as the interface nodes. However, because of constraint handling issues,
RBE3 elements cannot be directly connected to interface nodes when performing a
Craig-Bampton reduction in Salinas. This practical issue was resolved by creating
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new interface nodes which are attached to the previous ones (with RBE3 connections)
by very stiff, zero-length springs. These stiff springs allowed essentially no relative
motion and permitted the presence of the RBE3 elements. The interface is then
constructed as picturally shown in Figure 3.12.
Figure 3.12: Drawing of Interface with Rigid Connections for CBR
After the model reduction, the degrees of freedom of the model consist of both fixed
interface modes and constraint modes generalized coordinates. The fixed interface
modes, of a number selected by the user, are the mode shapes of the structure with the
interface fixed. The constraint modes are static displacement fields of the structure
corresponding to a zero force inside the structure and zero values of the interface
degrees of freedom except one, each in turn, set to one. Since there are 3 degrees
of freedom per node, the number of constraint modes is three times the number of
interface nodes.
The fixed interface and constraint modes provide a transformation of the degrees of
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freedom of the entire structure, interface included, to a set of generalized coordinates.
The corresponding matrix is referred to as the output transfer matrix (OTM) and
has size equal to the number of ROM degrees of freedom by the number of degrees
of freedom in the full model. The reduced stiffness (KR) and mass (MR) matrices
of the reduced order model are then obtained by pre- and post-multiplication of the
corresponding matrices of the full model by the OTM matrix.
3.5 Further Reduction of ROM
The BR beam contains modes that are in-plane (the plane of the bolts), out-of-
plane (the plane perpendicular to the bolts), axial (along the axis of the beam), and
torsional (about the axis of the beam). The present investigation focuses solely on
the in-plane modes and thus only those modes. are selected in the transformation.
To perform this selection, every fixed interface mode was analyzed to assess whether
its largest translation is in-plane or out-of-plane. In the latter case, this mode was
removed from the transformation. In the first 20 fixed interface modes 7 were identi-
fied as out-of-plane and were removed. The remaining 13 were kept together with the
12 constraint modes corresponding to the three translations at each of the four nodes
at which the Iwan (two of them) elements will be placed. The out-of-plane constraint
modes were also attempted to be removed, but with several debugging issues arising
they were left in the system. With this selection, the first few natural frequencies of
the linear beam were accurately recovered. Therefore, the final reduced order model
included 25 degrees of freedom.
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3.6 Nonlinear Transient Analysis
The next step in the analysis of the BR beam is to proceed with nonlinear transient
analyses with Iwan models connecting the 2 interface nodes of each half beam. This
task was accomplished using Romulis [6], the Matlab toolbox written by Bob Lacayo
and Matt Brake that uses IMEX [3], an implicit/explicit, timestep adaptive solver.
This toolbox allows several linear and nonlinear joint models to be implemented into
a finite element or reduced order model. As a check of implementation, a verification
was performed on the linear case by matching the natural frequencies of the linear
modal analysis.
As stated earlier, the present effort involved the 4-parameter Iwan model [10] rec-
ognizing that it may not be able to fully capture the response of the physical beam
but that the associated epistemic uncertainty would be lumped with the aleatoric
uncertainty/variability observed in the experiments. In the same perspective, and for
computational efficiency, Iwan elements will only be placed in the expected slip di-
rection, i.e., along the axis of the beam (Z). Linear springs were used in the other two
directions (X and Y) to connect the interface nodes of each half beam. Thus, there
were only two nonlinear degrees of freedom in the ROM. The value of the spring stiff-
ness was selected to lead to a convergence of the first few in-plane natural frequencies
of the BR beam. This condition led to stiffness values of 1e10 N/m.
The beam was subjected to a modeled impact represented as a haversine function with
a pulse width of 0.001 seconds and acting on a single node of the physical model. This
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Figure 3.13: Load and Observation Points of NL Transient Test
excitation vector, denoted as Fr, was then mapped back to the ROM as modal forces
using the OTM matrix, i.e.,
[F25×1] = [OTMdof×25]T [Frdof×1] (1)
Similarly, the response of the node of interest on the opposite side of the joint was
obtained by mapping back the ROM generalized coordinates time history to the
physical ones using again the OTM matrix.
3.7 Model Results
Before the nonlinear elements were added to the system, the reduced order model
was checked in Romulis by placing linear springs of stiffness 1e10 N/m at all three
degrees of freedom in the interface models. Rayleigh damping was also added to the
system, i.e., with damping matrix given as
C = αM + βK. (2)
whereα and β are scalars. A damping ratio of 0.3% was imposed on the first mode
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with values for α and β of 3.386 s and 2.65E-6 /s, respectively.
An impact was applied in the model and the corresponding velocity of the observation
degree of freedom is shown in Figure 3.14. The large oscillations seen are due to the
low frequency, ”bungee” modes of the model.
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Figure 3.14: Velocity Response of BR Beam - Linear Interface Elements
The FRFs were created from time histories of the velocity by taking their FFT,
multiplying them by ω to obtain accelerations, and dividing by the FFT of the applied
force. The FRF displays the system behavior in the frequency domain and exhibits
peaks at the natural frequencies. For the present impact test, the FRF is displayed in
Figure 3.15 and exhibits peaks at 180 Hz and 599 Hz, the same frequencies obtained
in the modal analysis performed in Sierra. This matching provides a verification that
the ROM and interface models are created and implemented correctly into Romulis.
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Figure 3.15: FRF of BR Beam - Linear Interface Elements
Next, the nonlinear (Iwan) elements were added to the BR beam and the impact
simulations were repeated. The first task in that effort is to select the Iwan model
parameters,FS, KT , χ, and β. This effort will be accomplished here by stating with an
initial guess consistent with the testing observations, then proceed with a parametric
sensitivity to adjust the values of these parameters. These steps will focus on the
frequencies at which the peak of the FRF is achieved.
The initial values of the Iwan model parameters were selected as FS = 100, KT =
1e10, χ = −0.5, and β = 0.01 based on the experimental data. Consistently with
testing, the magnitude of the impact loads was selected as 100 N and 800 N.
The FRFs of the initial case, see Figure 3.16, show the mode 1 frequency shift from
178 Hz at 100 N to about 158 Hz at 800 N. To match the experimental data, the FRF
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Figure 3.16: FRF of BR Beam - Initial Iwan Model
should exhibit its first peak near 180 Hz at 100 N and near 160 Hz at 800 N, close to
what is already obtained with the initial values of the parameters. In order to see how
the Iwan model parameters affect the response, they were varied and the frequency
of the first peak of the FRF of the was recorded. The tangential stiffness, KT was
kept constant at 1e10 because this stiffness correctly predicts the linear frequency.
FS was first varied from 1 to 500, χ was varied next from -0.1 to -0.75, and β was
finally varied from 0.01 to 1.50. The frequency of the first peak of the FRF for each
case and for each impact test, i.e., 100 N and 800 N, are given in Table 3.3.
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Table 3.3: Iwan Model Parameter Variation
Run Number FS KT χ β ω100 ω800
1 1 1e10 -0.5 0.05 157 157
2 10 1e10 -0.5 0.05 157 157
3 25 1e10 -0.5 0.05 158 157
4 50 1e10 -0.5 0.05 164 157
5 100 1e10 -0.5 0.05 174 157
6 200 1e10 -0.5 0.05 178 159
7 500 1e10 -0.5 0.05 179 170
8 100 1e10 -0.1 0.05 172 157
9 100 1e10 -0.15 0.05 173 157
10 100 1e10 -0.2 0.05 172 157
11 100 1e10 -0.25 0.05 173 157
12 100 1e10 -0.5 0.05 174 157
13 100 1e10 -0.75 0.05 175 157
14 100 1e10 -0.5 0.01 175 157
15 100 1e10 -0.5 0.02 175 157
16 100 1e10 -0.5 0.03 174 157
17 100 1e10 -0.5 0.04 174 157
18 100 1e10 -0.5 0.05 174 157
19 100 1e10 -0.5 0.10 174 157
20 100 1e10 -0.5 0.20 175 157
21 100 1e10 -0.5 0.50 174 157
22 100 1e10 -0.5 0.75 174 157
23 100 1e10 -0.5 1.00 173 157
24 100 1e10 -0.5 1.25 173 157
25 100 1e10 -0.5 1.50 171 157
The above parametric study results reveal that the fully slipped system has a natural
frequency at 157 Hz. It is also clear that varying χ and β does not change the peak
frequencies by more than a few Hz, so these parameters appear less significant than FS
in terms of the frequency content. The target behavior is that: (i) the peak frequency
be near 180 Hz at 100 N and near 160 Hz at 800 N and (ii) that the system not be in
macroslip at 800 N as the experimental data demonstrated further frequency shifts
at higher impact level. The above case which best matches there requirements is run
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Figure 3.17: FRF of Impacts Varying 100 N to 1000 N
6, with FS = 200, KT = 1e10, χ = −0.5, and β = 0.05. The very low value of β
would make it difficult to induce a significant uncertainty to this parameter. Since it
appears to only have a very small effect on the peak frequencies, this parameter was
changed to β = 0.5. These are the parameter values that were used in the sequel of
this thesis.
3.8 Linearization Correlations
In anticipation to analyzing assemblies of BR beams, it was desired to obtain a better
understanding of the correlations between the interface response and the impact load
level. To this end, the ROM with above Iwan model parameters was simulated at
load levels from 100 N to 1000 N in increments of 100 N. Each of the resulting FRFs
is displayed in Figure 3.17. A clear decrease in frequency and increase in damping is
observed for each mode.
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Figure 3.17 provides the overall behavior of the beam. To capture the interface
behavior, the displacements and velocities in both the Y (vertical) and Z (axial)
directions of each interface node were first computed as a function of time. Then, the
maximum of these values were determined and assessed as functions of the impact
level, see Figures 3.19 and 3.20. Both the Y and Z displacements and the Y velocity
behave linearly with impact level but the Z velocity exhibit a more complex trend.
Figure 3.18: Illustration of Interface Node Numbering
Another metric recorded was the maximum relative displacement between the inter-
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Figure 3.19: Y and Z Displacement vs. Force Level
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Figure 3.20: Y and Z Velocity vs. Force Level
face nodes in the Z direction. These relative displacements, shown in Figure 3.21,
demonstrate the activity of the Iwan elements. These have a linear relationship with
the force level and are very consistent between both interface connections.
Associated to the impact level is an expected decrease in peak frequency and an
increase in damping ratio/bandwith of the peak. These parameters can be estimated
from a single degree of fit of each peak of the FRFs as described in more details in
Section 4.3. Then, plotting the relative displacements against the natural frequencies
and damping ratios obtained from these SDOF fits leads to Figures 3.22a and 3.22b.
From these figures, it is clear that the peak frequency decreases as the maximum
slip increases, as expected. Further, the rate of decrease is smaller near the ends
of the range considered, which represent the fully stuck and fully slipped states.
The damping ratio does not change in the same fashion as the frequency. As the
maximum slip increases, the damping ratio increases up to a certain point and then
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Figure 3.21: Max Relative Displacement in BR Beam Interface Nodes
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Figure 3.22: Slip vs. Frequency
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Figure 3.23: Slip vs. Damping Ratio
begins to slowly decrease. The increase in damping is expected because there is
more slip and dissipation in the beam as the impact level is increased. The more
unexpected decrease in damping may be a result of the interface settling into a new
stuck/microslip configuration after completing a macroslip phase.
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4 Uncertainty Quantification and Propagation - BR Beam
The previous section focused on the development of a deterministic computational
model of the BR beams but the experimental results, see Figure 4.1, clearly show that
there is significant variability in the BR beam behavior, as typically encountered in
joints. Accordingly, it is desired here to upgrade the computational model to account
for the aleatoric uncertainty displayed in the tests. The present section focuses on
the formulation of such model, the estimation of its parameters, and the analysis of
the resulting uncertainty on the response.
4.1 Uncertainty Modeling
The introduction of uncertainty into the ROM was achieved by randomizing the four
parameters: FS, KT , χ, and β of the two Iwan elements. The random variables de-
scribing the parameters of one Iwan element were selected to be identically distributed
but independent of those characterizing the other Iwan element.
Given the very limited experimental data, it is not possible to identify nonparametri-
cally the distribution of the Iwan parameters. Rather, it will be necessary to postulate
distributions the hyperparameters of which will be selected consistently with the ex-
perimental data. In this regard, it will be assumed that the four parameters are
independent of each other. Moreover, note that FS, KT , and β all lie in the domain
[0,∞] while χ is limited to the domain [−1, 0]. The postulated distributions must
satisfy these physical constraints. Following the maximum entropy approach [8], the
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Figure 4.1: Variability Seen in Impact Hammer Experiments - 3 of 6 Beams
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four Iwan parameters will be modeled from Gamma random variables. Note that the
Gamma distribution requires two hyperparameters relating to the mean and to the
coefficient of variation, defined as the standard deviation divided by the mean. More
specifically, the random variables FS, KT , and β were represented as follows:
KT = K¯TX1 (3)
FS = F¯SX2 (4)
and,
β = β¯X3. (5)
where K¯T , F¯S, and β¯ are the means of KT , FS, and β and X1, X2, and X3 are unit
mean Gamma random variables with a specific coefficients of variation.
The parameter χ cannot be modeled by a Gamma random variable because it is
not bounded by 0 and ∞ but rather −1 and 0. This domain issue is resolved by a
transformation. Specifically, χ will be expressed as
χ = − 1
1 + χ¯X4
(6)
where X4 is once again a unit mean Gamma distribution and χ¯ is a positive parameter,
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but not the mean of χ. Trial and error was used to calibrate χ¯ so that χ has the
correct mean given a coefficient of variation.
4.2 Hyperparameters Estimation and Response Uncertainty
The above equations provide a parametric modeling of the uncertainty in the BR
beam. The mean model of the previous section leads to the values of K¯T , F¯S, β¯, and
χ¯ but it remains to estimate the coefficients of variation of the random variables X1
- X4. Several approaches are possible. First, one could deterministically model each
tested BR beam FRFs by ones produced by the ROM with Iwan elements and esti-
mate their parameters to obtain an optimum matching between these curves. Then,
one would proceed from the obtained samples of Iwan parameters to estimate the
coefficients of variations of the random variables Xi, i=1, 2, 3, 4. Given the small
number of experimental samples, a maximum likelihood approach would be the most
appropriate for this task. A better approach would be to formulate the maximum
likelihood identification directly at the level of the FRF measurements so that the
identified coefficients of variations are not biased by the deterministic curve fit.
Since the focus of this thesis was to obtain a first perspective on the uncertainty
modeling of BR beams, a simpler approach was selected. Specifically, it was decided
to select the unknown coefficients of variations so that the spread of the frequencies
at which the peaks of the FRFs occur be representative of the uncertain model.
This tuning was performed through Monte Carlo computations. That is, an ensemble
(300 here) of sets of Iwan parameters were first generated according to their above
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distributions. Next, the corresponding set of FRFs were computed from the ROM set
up in Romulis. The frequency at which the peaks occur were recorded for each sample
and each impact level (100 N and 800 N). These 300 sets of values were grouped by
4 to obtain the minimum and maximum peak frequencies. The mean and standard
deviation of the minimum and maximum frequency were finally computed and com-
pared with the experimental results of the 4 tested beams. This ad-hoc process led
to the mean and coefficient of variation for each Iwan parameter as provided in Table
4.1, in which the mean values are the previously found initial parameters.
Table 4.1: Iwan Parameters Mean and Coefficient of Variation
Parameter Mean Coefficient of Variance
KT 1e10 0.577
FS 200 0.3
χ -0.5 0.1
β 0.5 0.577
Using the hyperparameters of the above table, the observed mean and standard of
the minimum and maximum FRF peak frequencies are as shown in Table 4.2. Also
shown in this table are the experimental results corresponding to the 4 tested beams.
Table 4.2.
The histograms of the simulated Iwan parameters deduced from the above means and
coefficients of variations are shown in Figure 4.2.
The variability in the Iwan coefficients shown in the above figures propagates to the
FRF and its randomness can be observed by plotting a large number of them on
the same figure, e.g., see Figure 4.3 for the 300 used in the Monte Carlo simulation.
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Figure 4.2: Iwan Parameter Gamma Distributions - 300 Values
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Table 4.2: Mean and Std. Deviation of Frequencies from Groups of 4
Load Level Peak 1 (Hz) Peak 2 (Hz)
100 N Min - µ = 176.83 Min - µ = 595.72
Min - σ = 2.29 Min - σ = 1.68
Exp. Min = 175 Exp. Min = 592
Max - µ = 179.03 Max - µ = 598.41
Max - σ = 0.28 Max - σ = 0.95
Exp. Max = 182 Exp. Max = 602
800 N Min - µ = 160.79 Min - µ = 583.95
Min - σ = 1.33 Min - σ = 1.40
Exp. Min = 160 Exp. Min = 587
Max - µ = 168.12 Max - µ = 589.24
Max - σ = 5.06 Max - σ = 2.32
Exp. Max = 175 Exp. Max = 602
Note the large variability of the peak frequencies, some spanning as high as 20 Hz.
See also Table 4.3 for the minimum, maximum, and mean peak frequency for each
peak and load level. It is interesting to note for the 100 N impacts, that even though
the peak frequency drops, there is not a noticeable change in the width of the peak,
or somewhat equivalently damping. The increase in bandwidth/damping is however
seen when the impact level is increased to 800 N.
Table 4.3: Min, Max, and Mean Frequencies from 300 Simulations
Load Level Peak 1 (Hz) Peak 2 (Hz)
100 N Min = 167.00 Min = 588.00
Max = 180.00 Max = 602.00
µ = 178.24 µ = 597.15
800 N Min = 158.00 Min = 581.00
Max = 178.00 Max = 594.00
µ = 163.92 µ = 586.44
Another way of visualizing the uncertainty is to construct uncertainty bands corre-
sponding to particular percentiles of the response, the 5% and 95% percentiles were
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Figure 4.3: Monte Carlo Results - 300 FRFs
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selected here. These bands were determined from the 300 FRFs by looping through
every single frequency and taking the 15th value (5%) and 285th value (95%) at each
frequency. They can be seen in Figure 4.4 with the shaded area between the curves
corresponding to the two percentiles. A final assessment of the adequacy of the un-
certainty model can be obtained by plotting, on these same figures, the experimental
FRFs which would be expected to lie within the bands. This condition is satisfied
at the 100 N impact level but not at the 800 N one where the experimental FRFs
appear to be all shifted down in amplitude. The frequency spread of these is how-
ever well captured by the model at that impact level. These results and discussions
suggest that the present uncertain Iwan model is appropriate for the stated purpose
but should be refined in the future.
4.3 Frequency Shift and Dissipation Increase
One of the dominant feature of many joints, including lap joints, is that they will
exhibiting both a softening and an increase in damping/bandwidth as the level of
excitation is increased. Accordingly, it was decided to assess these effects on the
population of simulated FRFs. To this end, the zone (part of the band) around each
peak in the FRF was fitted, by an available Matlab tool, to the transfer function
of a linear single degree of freedom (SDOF) system. The parameters optimized in
this fit are the modal force, natural frequency, and damping ratio. Single SDOF fit
for the first two modes at 100 N and 800 N are shown in Figure 4.5. Clearly, the
fits are pretty accurate for the lower impact level but not as good for the higher one
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Figure 4.4: 5th and 95th Percentile Uncertainty Bands
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Figure 4.5: Single Degree of Freedom Fit
because of the lack of symmetry of the peak. Nevertheless, peak value, location, and
bandwidth are correctly estimated.
On the basis of the above encouraging results, a similar fit was performed for all
600 FFTs (300 simulated beams at two impact levels) and the estimated natural
frequencies and damping ratios are recorded to see the propagated variability. Shown
in Figures 4.6 to 4.9 are the corresponding histograms.
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Figure 4.6: Histograms - Mode 1, 100 N
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Figure 4.7: Histograms - Mode 2, 100 N
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Figure 4.8: Histograms - Mode 1, 800 N
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Figure 4.9: Histograms - Mode 2, 800 N
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Figure 4.10: Probability Density Functions - Mode 1, 100 N
It is clear from the histograms that there is much more variability in both natural
frequency and damping ratio for the 800 N impact than for the 100 N one. In this
latter case, the BR beam mostly stays in the linear range with some microslip at the
contrary of the significant macroslip occurring under the 800 N hit. For clarification,
this is macroslip of the outer sections of the joint and not macroslip of the entire joint,
which is completely fixed at the center section. It is also interesting to observe in
Figure 4.8a that there are essentially two separate components of the distributions.
There is a large one with a mean around 161 Hz, and a much smaller grouping
with a mean around 169 Hz. These two components may be associated with beams
experiencing different physics, those at the lower frequencies experiencing macroslip
while those at the higher ones still behaving in microslip. Using these histograms,
probability density function (PDF) can be obtained, see Figures 4.10 to 4.13.
The above observed increase in variability in equivalent natural frequency and damp-
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Figure 4.11: Probability Density Functions - Mode 2, 100 N
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Figure 4.12: Probability Density Functions - Mode 1, 800 N
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Figure 4.13: Probability Density Functions - Mode 2, 800 N
ing ratio with impact level compounds the overall trends of decrease in frequency
and increase in damping. In this light, it was questioned which one is dominant, i.e.,
trend or increase in variability for natural frequency and damping ratio. This issue
could be assessed by computing, for both properties and at the same impact level, the
ratio of the change in mean from the linear case (i.e., at 0 impact level) divided by
the standard deviation. While this computation will be carried out for the simulated
data, similar ratios could be determined from the experimental data for which the
linear case is not known. Accordingly, this case is approximated by the lowest level
impact. That is:
For the first mode:
µζ100 − µζ800
σζ800
=
.0091− .0591
.018
= −2.78
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µω100 − µω800
σω800
=
177.8− 162.01
2.64
= 5.98
For the second mode:
µζ100 − µζ800
σζ800
=
.0102− .02
.0025
= −3.92
µω100 − µω800
σω800
=
596.15− 584.82
2.04
= 5.55
Note in all cases that the ratios are larger than 1 suggesting that the trends (decreasing
frequency/increasing damping) dominate over increasing variability. Moreover the
ratios corresponding to the frequencies are very similar to each other and somewhat
so as well for the damping ratios suggesting that the behavior is reasonably mode
independent. Finally, by these metrics, the trend in decrease in natural frequency is
more dominant than the increasing damping trend.
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5 Multi-Joint Frame
The next step of the project was to move forward from a single joint beam to a
multi-joint frame and study its response both deterministically and in the presence
of uncertainty. The main goal in analyzing this frame is to observe and compare
the responses of the fully linear interface model (springs in place of Iwan elements),
the fully nonlinear interface model (with Iwan elements), and approximate models
containing a mixture of both linear and nonlinear interface models. The hypothesis
is that when the variability in joint properties (aleatoric uncertainty) is introduced
into the system, its effects may be large enough that the epistemic uncertainty in-
duced by a simplification of the joint models may not be lead to an increase in the
uncertainty band. If proven and quantified, this fact could lead to the formulation of
computationally efficient analysis methods of structures with many/a large number
of joints.
The frame selected for this analysis, see Figures 5.1 and 5.2, consists of four members,
three outer members and one cross member, each of which is a BR beam and thus
has well characterized joints. The frame is clamped at two points and made of the
same steel as the BR beams. Figure 5.2 illustrates the location where each joint
will be implemented and assigns each joint a number that will be used for reference
throughout the analysis.
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Figure 5.1: Simple Depiction of Frame with Boundary Conditions
Figure 5.2: Simple Depiction of Frame, Red Dots are Joint Locations
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5.1 Modeling the Frame
As the BR beam, the frame is first meshed using Cubit, the Sandia developed mesh
generation software, using 8-node hexahedral elements. A monolithic version of the
frame, i.e., without joints, is first created and analyzed to observe the frame behavior.
This model is displayed in Figure 5.3 while the model with joints and BR beams as
members is displayed in Figure 5.4.
Figure 5.3: Model of Monolithic Frame
The interface modeling technique used for the BR beam was repeated here for the
frame. That is, each interface was cut into three sections, the middle sections were
completely tied and the nodes of each outer surface were ”spidered” with rigid el-
ements (RBE3) to a single node. The two such nodes from mating sections were
then either connected using a Joint2G element or become the interface nodes of a
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Figure 5.4: Model of Frame with BR Beam Members
Craig-Bampton reduced order model. The schematics of the interfaces are the same
as those in Figures 3.7 and 3.12. Eight Joint2G elements were present in the frame
model each with linear stiffness of 1e10 N/m in all three degrees of freedom until Iwan
elements were introduced along the beam axes.
5.2 Frame Linear Modal Analysis
Linear modal analyses were first performed on both the monolithic model and the
final model with the BR beam members to assess the range of natural frequencies
and the type of the associated modes, see Tables 5.1 and 5.2for the first ten modes.
Further, the displacements of the in plane mode shapes are visualized and presented
in Figures 5.5 through 5.8 to provide a perspective on the joint activity in each
mode. Clearly, certain modes activate certain joints and some modes activate others.
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Table 5.1: Natural Frequencies of Frame - Monolithic Members
Mode Number Frequency (Hz) Mode Shape
1 22.71 1st Out of Plane Bending
2 45.89 2nd Out of Plane Bending
3 113.86 1st In Plane Bending
4 124.62 3rd Out of Plane Bending
5 159.30 4th Out of Plane Bending
6 166.76 2nd In Plane Bending
7 218.43 3rd In Plane Bending
8 223.75 5th Out of Plane Bending
9 265.91 4th In Plane Bending
10 278.82 6th Out of Plane Bending
Table 5.2: Natural Frequencies of Frame - BR Beam Members
Mode Number Frequency (Hz) Mode Shape
1 21.86 1st Out of Plane Bending
2 43.07 2nd Out of Plane Bending
3 97.19 1st In Plane Bending
4 116.87 3rd Out of Plane Bending
5 138.12 2nd In Plane Bending
6 146.65 4th Out of Plane Bending
7 188.27 3rd In Plane Bending
8 205.39 5th Out of Plane Bending
9 223.21 4th In Plane Bending
10 253.59 6th Out of Plane Bending
57
For example, the 4th in-plane bending mode activates the joints in the three outer
members but does not activate the joint in the cross member. A summary of how
many active and inactive joints are present for each mode is in Table 5.3.
Figure 5.5: 1st In-Plane Bending Mode of Frame - 97.19 Hz
Table 5.3: Joint Activity of Frame for First 4 In Plane Modes
Mode Number Frequency (Hz) Joint Activity
1 97.19 1 Joint Fully Active, 3 Joints Partially Active
2 138.12 3 Joints Fully Active, 1 Joint Partially Active
3 188.27 3 Joints Fully Active, 1 Joint Partially Active
4 223.21 3 Joints Fully Active, 1 Joint Not Active
5.3 Craig Bampton Reduction - Frame
The model reduction for the frame is very similar to that of the BR beam. A Craig-
Bampton reduction was performed using Sierra/SD with the same methods used for
the BR beam reduction. The ROM was created with 20 interface modes and 48
constraint modes, due to 16 interface nodes, each with 3 degrees of freedom. As
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Figure 5.6: 2nd In-Plane Bending Mode of Frame - 138.12 Hz
Figure 5.7: 3rd In-Plane Bending Mode of Frame - 188.27 Hz
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Figure 5.8: 4th In-Plane Bending Mode of Frame - 223.21 Hz
previously stated, only the modes that stay in the plane of the frame were of interest.
Therefore, each fixed interface mode was observed and was removed if it exhibited
out-of-plane motion. There were a total of 12 fixed interface modes with out-of-plane
motion so the total number of degrees of freedom in the ROM was reduced from 68
to 56.
To verify that the ROM had been derived correctly and had a sufficient number of
fixed interface modes, its frequencies and mass normalized mode shapes were com-
pared to those of the full finite element model. This verification was performed in
Matlab by taking the mass and stiffness matrices of both models and performing
the generalized eigenvalue analysis. In this effort, the interface nodes are connected
by springs of stiffness 1e10 N/m and these values are directly added to the stiffness
matrix. The modes were compared at three degrees of freedom: one on the outside
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of each outer joint in the bolt directions.
The first two natural frequencies of the full model were 97.19 Hz and 138.12 Hz and
the corresponding modal values at the three observation nodes were [-0.0688 -0.2449
0.198] and [-0.4519 -0.5354 0.1339], respectively. Note that these values are consistent
with the graphical representation of the mode shapes of the high fidelity model, see
Figures 5.5 and 5.6.
The modal analysis performed on the ROM yielded the frequencies of 97.07 Hz and
137.94 Hz and the modal values [-0.0691 -0.2455 0.1983] and [-0.4521 -0.5358 0.1338]
which are very close to those of the full model. This matching suggests that the
ROM was correctly derived and that 20 fixed interface modes were indeed sufficient.
The ROM was next imported into Romulis where both linear (springs) and nonlinear
(Iwan elements) interface models were implemented for transient analyses.
5.4 Frame Linear Transient Analysis
As in the BR beam, an 100 N impact analysis was first simulated on the ROM with
linear interface to provide a check of the implementation of the ROM in Romulis.
The FRF of this response was determined, see Figure 5.9 and the peaks matched
the natural frequencies of the in plane modes found during the Sierra modal analysis
suggesting a correct implementation of the ROM in Romulis.
Next, similar computations were carried with each of the 21 locations shown in 5.10
selected as for impact, one at a time, with the measurement locations being all joint
interface nodes. Consistently with the data gathered for the BR beam, the maximum
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Figure 5.9: FRF of Frame - Linear System
velocity of each node in the transverse direction to the beam it is on was recorded,
see Figure 5.11. The intent of this effort was to (i) asses how the impact location
affects the response of a particular joint and (ii) attempt a correlation with the BR
beam to provide an a priori estimate of the level of microslip present at the joints of
the frame.
To get an overall perspective on the response of the joints 1-3, their recorded peak
velocities for each impact were scaled so that the largest be equal to 1 leading to the
plot of 5.12.
It is seen that the maximum velocity occurred at the joint on the beam at which
the impact ed. So for impacts one through seven, which are all on beam 1, the
highest velocity was at joint 1. Similarly the highest velocities were at joints 2 and
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Figure 5.10: 21 Impact Locations
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Figure 5.11: Max Velocities - 21 Impacts
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Figure 5.12: Max Velocities (Scaled) - 21 Impacts
3 for impacts 8-14 and 15-21, respectively. From the unscaled velocities, it is seen
that a higher (resp. lower) velocity is achieved when the impact location is closer to
(resp. farther from) the middle of the beam impacted. This finding is expected as
the modes considered, see 5.5 through 5.8, achieve maximum response at the middle
of the beams.
Three interesting cases were impacts 7, 12, and 21. Impact 7 led to high velocities
at two of the joints and one joint with a lower velocity. Impact 12 resulted in joint
velocities evenly spaced. Finally, impact 21 led to a high velocity at one joint and
low velocities at the other two. These three cases provided a variety of test cases to
compare and thus the corresponding FRFs were obtained under a 100 N impact, see
Figures 5.13-5.15.
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Figure 5.13: FRF Frame - Linear - Impact 7 100 N
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Figure 5.14: FRF Frame - Linear - Impact 12 100 N
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Figure 5.15: FRF Frame - Linear - Impact 21 100 N
It is concluded from these linear system FRFs that the first mode is least active in
the first joint, the second mode is least active in the third joint, and the third mode
is least active in the second joint. This is confirmed from the mode shapes in Figures
5.5 through 5.7.
5.4.1 Linear Correlation to BR Beam
Having analyzed in details the BR beam with both linear and nonlinear interface
models, it would be highly desirable to a correlation strategy permitting to estimate
the nonlinear joint behavior of the frame from the BR beam data (linear and nonlin-
ear) and the frame linear response, which is easily computed. As a first attempt to
do so, the maximum relative displacements of the interface nodes were recorded for
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both the BR beam and the frame (impacts 7, 12, and 21) under a 100 N impact. This
data is shown in Table 5.5. These ratios allow us to relate the two linear systems
in terms of force level and when slip may begin. More specifically, the ratios of the
maximum relative displacements of the frame joints to the one of the BR beam pro-
vide estimates of the scaling in the impact forces which should be applied to induce
a behavior equivalent to the BR beam. For example, the linear joint behavior on
the BR beam under a 300 N impact should be similar to the linear behavior of joint
1 under an impact of 675 N at location 7 on the frame since the scaling factor of
the displacements is 2.26. It is hoped that this correlation, established under linear
assumptions, holds in the nonlinear case. If it does, it is expected to be valid only
until macroslip occurs, i.e., when significant nonlinearity appears.
Table 5.4: Maximum Relative Displacements
100 N Impact Max Relative Displacement (m) Ratio to BR Beam
BR Beam 3.66e-8 1
Frame - Location 7 1.616e-8 2.26
Frame - Location 12 2.52e-8 1.45
Frame - Location 21 1.23e-8 2.98
Table 5.5: Frame Loads Equivalent to Beam Loads
Impact Location 100 N Equiv. 200 N Equiv. 300 N Equiv. 400 N Equiv.
7 225 N 450 N 675 N 900 N
12 150 N 300 N 450 N 600 N
21 300 N 600 N 900 N 1200 N
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5.5 Nonlinear Transient Analysis - Frame
Having analyzed the frame with a linear joint model, it was next desired to study its
behavior with the nonlinear Iwan elements implemented at each joint. As in the BR
beam, these elements acted only in the direction of the beam axis while the other two
degrees of freedom were connected to linear springs. The interface parameters, Iwan
and spring stiffness, used here were the same as in the BR beam, i.e., FS = 200N ,
KT = 1e10N/m, χ = −0.5, and β = 0.5 and spring stiffness equal to 1e10 N/m.
The FRFs were created the same as previously done with the BR beam by obtaining
the time histories of the velocity, taking their FFT, multiplying them by ω to obtain
accelerations, and dividing by the FFT of the force. // As an example, shown in
Figure 5.16 is the FRF of the response from joint 1 from an impact at location 7 of
various levels. This FRF shows how the frame behaves as the impact level increases
from 200 N to 2000 N exhibiting as expected a decrease in amplitude and frequency
and increase in damping as the impact level increases. At the highest impact level,
peaks one and four have moved completely away from the corresponding linear natural
frequencies while the upper end of the bands corresponding to peaks two and three are
still located at the natural frequencies suggesting that these modes are in transition
stage to macroslip while modes one and four have already experienced it.
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Figure 5.16: Impact 7 - Joint 1 Nonlinear Response - Compare Force Levels
5.6 Partially Linear Models
The nonlinear transient responses determined in the previous section were computa-
tionally expensive because of the iteration process necessary to arrive to convergence
for the 8 nonlinear Iwan elements. In this light, it was desired to assess whether
partially linear models, i.e., in which some of the Iwan models were replaced by lin-
ear springs, could provide good estimates of the response. The predictions obtained
by these approximate models were then compared to those from the fully nonlinear
model to determine the error induced by the approximation.
The initial thought in this process was to create the partially models for a given im-
pact based on the corresponding activity in the joints. For example, impact locations
7 and 12 led to the least activity at joint 3 while impact 21 induced the least activity
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at joints 1 and 2. So the first approximate model used for impact locations 7 and 12
had Iwan models at joints 1, 2, and 4 and linear spring models at joint 3. The second
approximate model used for impact location 21 had Iwan models at joints 3 and 4
and linear spring models at joints 1 and 2.
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Figure 5.17: FRF Impact 7 - 225 N - Nonlinear and Approximate Comparison
Consider first the approximate models at impact levels corresponding to 100 N on
the beam, i.e., 225 N at location 7, 150 N at location 12, and 300 N at location 21,
see Figures 5.17 - 5.19. An excellent matching is observed for all three curves of each
plot demonstrating indeed that the Iwan elements replaced did not experience any
significant slip.
At a higher impact force level, corresponding to 400 N on the BR beam, i.e., 900 N,
600 N, 1200 N when impacting at joints 7, 12, and 21, the discrepancies between the
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Figure 5.18: FRF Impact 12 - 150 N - Nonlinear and Approximate Comparison
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Figure 5.19: FRF Impact 21 - 300 N - Nonlinear and Approximate Comparison
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Figure 5.20: FRF Impact 7 - 900 N - Nonlinear and Approximate Comparison
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Figure 5.21: FRF Impact 12 - 600 N - Nonlinear and Approximate Comparison
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Figure 5.22: FRF Impact 21 - 1200 N - Nonlinear and Approximate Comparison
two models become much more apparent, see Figures 5.20 - 5.22. For example, when
joint 3 is linearized, see Figures 5.20 and 5.21, the 1st, 2nd, and 4th peaks are still
well matched, but the error at the 3rd peak is clear with the increased dissipation
not appropriately matched. Similarly when joints 1 and 2 are linearized, the 1st,
3rd, and 4th peaks are still well matched, see Figure 5.22, but not the 2nd peak.
This observation suggests that the joint activity is more readily related to the modal
participation at the joint of interest than to the maximum velocities, or equivalently,
that the linearization is likely more efficient when performed on a mode by mode
basis rather than by impact location.
To explore this alternative approach, approximate models were created by replacing
by springs the Iwan elements from joint 1, joint 2, joint 3, joints 1 and 2, joints 2
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and 3, and joints 1 and 3. These 6 approximate models, as well as the fully nonlinear
model and the fully linear model, are all compared for an impact of 900 N at location
7, which is similar to the 400 N impact on the BR beam, and observed on joint 1, see
Figures 5.23-5.23.
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Figure 5.23: Several Approximate Models - Impact 7 - 900 N - Joint 1 response, Mode
2
For mode 2, which had the least activity in joint 3, the approximate model that
linearizes joint 3 had the most accurate response, see Figure 5.23. Similarly, mode
3, which has the least activity in joint 2, had the most accurate approximate model
when linearizing joints 1 and 2. Since the Iwan models are nonlinear elements, their
behavior is function of the total forces/displacement applied, i.e., they cannot be
analyzed mode by mode. Thus, one cannot view the Iwan activity mode by mode to
justify these results. Rather, these observations result from the contribution of the
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Figure 5.24: Several Approximate Models - Impact 7 - 900 N - Joint 1 response, Mode
3
joint forces to the specific modal ones. That is, since the mode 2 does not respond
significantly at joint 3, the forces induced at this joint by the corresponding Iwan
elements will not induce a large modal force on mode 2. Thus, the error in forces
induced by approximating that joint will only have a small effect on the response
of mode 2. Thus, a good matching of the response of that mode is obtained when
linearizing joint 3.
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6 Uncertainty Quantification - Frame
The deterministic discussion of the previous chapter on the use of approximate/partially
linearized models has suggested that they may be valuable but a population-wide per-
spective is necessary here given the large aleatoric uncertainty on joints. Thus, Monte
Carlo simulations were performed to evaluate how the fully nonlinear model and the
approximate models compare in the presence of joint variability. The distributions
used here for the Iwan parameters were the same as those used for the BR beam as-
suming further that the 8 joints were stochastically independent of each other. Note
that the stiffnesses in joints including linear springs as opposed to Iwan elements were
drawn from the KT distribution.
A 300-sample simulation was performed for an impact of 900 N at location 7 using
the fully linear model, fully nonlinear model, and multiple approximate models. For
each model, the 5% - 95% uncertainty bands of the FRFs were created using the
responses at joint 3 and allow comparisons of the variability in prediction. The bands
created using the responses at joints 1 and 2 provide very similar trends as well.
As in the previous section, the comparisons of the predictions will be carried out peak
by peak. Considering first the 2nd peak, i.e., primarily associated with mode 2, it
had been observed from Figure 5.23 that the most accurate single joint linearization
was of joint 3 and the most accurate two-joint linearization was of joints 1 and 3.
Then, shown in Figure 6.1 are the bands of uncertainty corresponding to the fully
nonlinear system, the fully linear one (Figure 5.23 (a)), and the partially linearized
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systems corresponding to joint 3 (Figure 5.23 (b)) and joints 1 and 3 (Figure 5.23
(c)). An excellent match of the bands of uncertainty is clearly achieved with both
linearized options but not with the fully linearized one, suggesting that joints 2, and
possibly 4, must remain nonlinear
Similar observations can be drawn for the third peak, the linearization of joint 2
is the most accurate single joint linearization while joints 1 and 2 provide the most
accurate two-joint linearization. These results are presented in Figure 6.2 and again an
excellent match of the uncertainty bands is achieved with both 1 or joints linearized.
All of the results presented show very accurate results for the approximate models
when compared to the fully linear model. The uncertainty bands for the approximate
models line up very closely with the fully nonlinear model while the bands for the
linear model have very little overlap near the peaks. This confirms the thought that
the low activity of certain joints allows them to be linearized without losing the
dissipation of the interface slip.
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Figure 6.1: 5th and 95th Percentile Uncertainty Bands, Impact 7, 900N, Mode 2
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Figure 6.2: 5th and 95th Percentile Uncertainty Bands, Impact 7, 900N, Mode 3
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7 Discussion of Damping
The partial linearization approach formulated and assessed in the last sections could
be viewed as an order 0 approximation in which the nonlinearity of the Iwan elements
is simply removed. A higher order approximation can be developed which would
account for the drop in stiffness (by reducing the joint stiffness below the 1e10 N/m
value) and the increase in damping (by adding a dashpot in parallel to the spring
that replaces the Iwan model. To determine the value of the spring and dashpot,
the frame model would first be related to the BR beam by the relative slip ratios
obtained in the linear case, see Table 5.5. Using the results of the BR beam, the
change in natural frequency, δω, and damping ratio, δζ, are determined. The changes
in stiffening and damping would then be given by
K → K + ∆K
and
C → C + ∆C
and the change in natural frequency by
ω2i → (ωi + δωi)2.
Assuming that the mode shapes, ψi, are mass normalized and are not significantly
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affected by the small changes in stiffness and damping, the frequency is found by
(ωi + δωi)
2 = ψTi (K + ∆K)ψi.
= ω2i + ψ
T
i ∆Kψi
where
∆K =

δk −δk 0 0
δk −δk 0 0
0 0 δk −δk
0 0 −δk δk

where δk is the (negative) scalar change in spring stiffness across the interface intro-
duced to capture the softening of the joint when the Iwan element is replaced by a
spring. That is, that stiffness will be KT+δk. Factoring δk, leaves
δK = δkA
where
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A = δk

1 −1 0 0
1 −1 0 0
0 0 1 −1
0 0 −1 1

.
Further, introduce
αi = ψ
T
i Aψi.
δK can then be determined by
δkαi = (ωi + δωi)
2 − ω2i
δK =
(ωi + δωi)
2 − ω2i
αi
.
Similarly, the dashpot value δc and the corresponding interface damping matrix δC =
δcA can be determined in the same fashion:
ψTi Cψi = 2ζiωi
ψTi (C + δC)ψi = 2(ζi + δζi)(ωi + δωi)
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2ζiωi + (ψ
T
i δCψi) = 2(ζi + δζi)(ωi + δωi)
ψTi δCψi = δcαi
δc =
2(ζi + δζi)(ωi + δωi)− 2ζiωi
αi
.
A first assessment of these formulas was carried out for an impact of 450 N on location
7 assumed to be equivalent to 200 N on the BR beam. For this case, no clear frequency
shift was observed on the BR beam and thus δK = 0 as done above. The computation
of δc was next carried out from above and yielded a value of 2.4e5 N-s/m. However,
when this dashpot was added to the partially linear model of the frame for impact 7,
there was no clear decrease in the amplitude of the response. After several checks, it
was concluded that the large stiffness (1e10) of the spring in parallel to the dashpot
prevents the dashpot to activate. For lower values of this stiffness, increased damping
is indeed observed. Estimating an equivalent dashpot value to improve the model
would thus have to be accomplished differently from above. This issue was tabled
because the uncertainty band comparisons obtained in section 6 were already accurate
without the increased damping.
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8 Summary
The focus of the present investigation has been on developing a framework for the
stochastic analysis of structures with several nominally identical joints as a step to-
ward the development of an efficient computational strategy for the analyis of complex
structures with many uncertain joints. The Brake-Reuss (BR) beam, a straight beam
with a lap joint, has been selected here as the typical jointed component serving as
the building block for more complex structures exemplified by a 4-beam frame.
Given the presence of significant variability, i.e., aleatoric uncertainty, on the behavior
of the joints to be considered, it has first been argued that an appropriate joint model
can be suitable even when it exhibits modeling error, i.e., epistemic uncertainty, as
long as its effects remain small with respect to those of its aleatoric counterpart. This
perspective has led to the selection here of a simple phenomenological joint model,
i.e., an Iwan model with 4-parameters which can either be considered deterministic
or stochastic to capture the aleatoric uncertainty.
The identification of the mean and stochastic parameters of this Iwan model requires
experimental data, which was obtained both as an individual effort at ASU as well
as a group project during the 2015 Sandia NOMAD Institute at UNM. In parallel,
a computational model of the BR beam was also developed from a finite element
model of the beam. A Craig-Bampton reduction was next performed in which the
sliding interfaces were (i) located based on separate research and (ii) coarsely modeled
as single point contacts consistently with the adoption of the simple Iwan model to
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connect them. This effort led to a 25 degrees of freedom model, including two Iwan
elements.
The identical mean parameters of these Iwan models were next determined to fit at
best the overall experimental data. Then, the hyperparameters of an earlier developed
stochastic model of the Iwan parameters were selected so that the experimental data
fit well within the uncertainty band of the predicted response. Although simple, this
identification strategy worked well and was significantly less involved than a formal
maximum likelihood strategy.
Having established a stochastic computational model of the BR beam, it was next
desired to perform a first study of the response of structures involving several similar
lap joints. This effort focused on a 4-beam frame with one lap joint in each of which
both mean response and associated uncertainty bands were obtained for various im-
pact locations and peak force. Very interestingly, it was observed that the uncertainty
bands obtained by assuming a linear joint behavior were very close to those obtained
with Iwan models, even though the mean responses were clearly different, as long
as the joints exhibit only microslip. This observation provides a potential path for
the computational prediction of the response of complex structures exhibiting a very
large number of joints, too many to be considered as full nonlinear elements.
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